Abstract. Let Ω⊂R n be an arbitrary open set. We characterize the space W 1,1 loc (Ω) using variants of the classical area and coarea formulas. We use these characterizations to obtain a norm approximation and trace theorems for functions in the space W 1,1 (R n ).
Introduction

Let Ω⊂R
n be an open set and let p≥1. 
Here and throughout the paper we abuse notation when we by {u≥1} mean the set {x:u(x)≥1}. It is well known (cf.
[6] and [16] ) that γ p is an outer regular outer measure on R n . Throughout the paper we will write γ in place of γ 1 . In this paper we consider several geometric and analytic properties of functions in the space W Extensions of the area and coarea formulas to mappings in Sobolev spaces have previously been obtained in [12] and [11] . A basic technical issue in problems of this sort is that such functions u are generally not continuous, and one must use care to formulate the theorem for the so-called precise representative of u. We show that the area and coarea formulas as obtained in [11] may be cast in such a way as to be independent of any particular representative of u, and in fact may be used to characterize the space W 1,1 loc (Ω). Our argument draws ideas from the theory of functions of bounded variation and sets of finite perimeter.
An important property of functions in the Sobolev space W 1,p (R n ) is that of quasicontinuity: for every u∈W 1,p (R n ) and ε>0 there exist an open set U and a continuous function v defined on R n so that γ p (U )<ε, and v coincides with the precise representative of u off of U . It was proved in [4] and [14] that if p>1, then the approximator v may in fact be selected so that v∈C(R n )∩W 1,p (R n ) and u−v 1,p <ε in addition to the above stated properties. Thus u may be approximated simultaneously pointwise and in norm by a continuous function v. In Section 4 we give a proof of this result in the case p=1. The argument relies on the results obtained in Section 3, along with a smoothing operator first developed in [5] by Calderón and Zygmund and used in [14] .
Finally in Section 5 we characterize the space W for γ p -quasievery x∈∂Ω. This condition may be described by stating that u has inner trace 0 at quasievery point x∈∂Ω. We extend both of these results to the case p=1.
Preliminaries
Definition 2.1. Given E ⊂R n and s≥0, we denote by H s (E) the s-dimensional Hausdorff measure of E and by H s ∞ (E) the s-dimensional Hausdorff content, defined
